We give an explicit approach for Bockstein homomorphisms of the Hochschild cohomology of a group algebra and of a block algebra of a finite group and we show some properties. To give explicit definitions for these maps we use an additive decomposition and a Product Formula for the Hochschild cohomology of group algebras given by Siegel and Witherspoon in 1999. For k an algebraically closed field of characteristic p and G a finite group we prove an additive decomposition and a Product Formula for the cohomology algebra of a defect group of a block ideal of kG with coefficients in the source algebra of this block, and we define similar Bockstein homomorphisms.
Introduction
The Bockstein homomorphism in group cohomology is the connecting homomorphism in the long exact sequence associated to some short exact sequence of coefficients. It appears in the Bockstein spectral sequence, which is a tool for comparing integral and mod p cohomology (p is a prime), and has applications for Steenrod operations. We use results from [1] , regarding Bockstein maps in group cohomology and with some minor adjustments we adopt the same notations. For the rest of the paper, if otherwise not specified, let G be a finite group, let F p be the field with p elements and k be a field of characteristic p, with p dividing the order of G. Let r be a non-negative degree integer; since we work with more than one group we denote by β G the Bockstein homomorphism
and by β G the homomorphism
Another application of Bockstein homomorphism is that β G gives a structure of (cochain) DG-algebra to the cohomology algebra H * (G, F p ), that is β G is a differential ([1, Lemma 4.3.2]) and satisfies the graded Leibniz rule, ( [1, Lemma 4.3.3] ). In this paper we will call a map which satisfies this rule a graded derivation. Bockstein maps appear also in a celebrated theorem of Serre [1, Theorem 4.7 .3] on zero product of Bocksteins, given originally in a different form. This theorem is an important ingredient for proving a theorem of Carlson (or Quillen) which characterizes nilpotent elements of positive degree in Extalgebras over finitely generated kG-modules by nilpotence of restrictions to elementary abelian subgroups. Further, this theorem can be used for showing a remarkable theorem of Chouinard [2] which states that a finitely generated kG-module M is projective if and only if its restriction to every elementary abelian subgroup of G is projective.
In the case of group algebras it is well known that Hochschild cohomology HH * (kG) can be identified with the ordinary cohomology H * (G, kG), where kG is viewed as left kG-module by conjugation. This observation goes back to Eilenberg and MacLane [3] . However the isomorphism as graded k-algebras was given more recently by Siegel and Witherspoon [10, Proposition 3.1] . Here HH * (kG) is an associative graded algebra with the usual Hochschild cup product and H * (G, kG) is an associative graded algebra with the product called cup product with respect to the pairing µ, where µ is the multiplication map in kG; see [10, Sections 2, 3] for a general discussion regarding cup products in this context. For the rest of this paper, this identification allows us to say and have in mind Hochschild cohomology of group algebras HH * (kG), but we will work with H * (G, kG). In Section 2 we will define Bockstein homomorphisms for the Hochschild cohomology of group algebras HH * (kG). In the first part of this section we define the Bockstein homomorphism for H * (G, F p G). Using an additive decomposition and a Product Formula from [10] , in the main result of this section, Theorem 2.4, we extend this definition to H * (G, kG) and we prove that H * (G, kG) is also a DG-algebra.
In Section 3 we deal with block algebras of kG, where from now k is an algebraically closed field of characteristic p. Cohomology of block algebras of finite groups was first introduced by Linckelmann in [5] and further studied in a series of papers [6] , [7] . An important recent paper is [8] where the author shows that the varieties of the Hochschild cohomology of a block algebra and its block cohomology are isomorphic, hence answering some questions raised by Pakianathan and Witherspoon [9] . As in the case of group algebras we identify the Hochschild cohomology of a block algebra B of kG with the cohomology of G with coefficients in B, where G acts by conjugation on B, that is HH In Section 4 we study the graded k-algebra H * (∆P, ikGi), where P δ is a defect pointed group of b and i ∈ δ is a source idempotent. The k-algebra ikGi is called the source algebra and is a ∆P-module, see [11] for more details. Since the block algebra B is Morita equivalent to its source algebra ikGi an important ingredient for proving the main result of [6] was H * (∆P, ikGi). So, to determine its properties could be useful for future applications. This is the goal of this section where we determine an additive decomposition and a Product Formula for H * (∆P, ikGi) with respect to cohomology of some subgroups in ∆P with trivial coefficients, see Theorem 4.4. Theorem 4.6 is one of the main results of this article and can be viewed as a Product Formula of the cohomology algebra H * (∆P, ikGi) through the additive decomposition of cohomology graded vector spaces of some finite subgroups in ∆P with trivial coefficients, from Theorem 4.4, and by using the cup products of restrictions in ordinary group cohomology with trivial coefficients.
In conclusion this article can be divided in two big parts. In the first part we prove similar results (Theorem 2.4, Remark 3.4, Theorem 5.2) for different cohomology algebras which can be summarized in the next theorem: In the second part the main result is the Product Formula, Theorem 4.6, with its usefulness demonstrated in Section 5 where we define Bockstein homomorphisms for H * (∆P, ikGi) and we show more properties.
For results, notations and definitions regarding block algebras we follow [11] . For results in homological algebra we follow [1] and [4] . For conjugation in a group G if x, a ∈ G then x a = xax −1 and a x = x −1 ax; similarly for subgroups. If A is any set we denote by id A the identity map and by µ the multiplication map in any k-algebra.
Hochschild cohomology of group algebras and Bockstein maps
The next lemma is a result which allows us to define Bockstein maps in Hochschild cohomology of group algebras. The proof is trivial and is left as an exercise.
Lemma 2.1.
i) There exist a short exact sequence of ZG-modules, where G acts by conjugation
ii) There exist a short exact sequence of ZG-modules, where G acts by conjugation
The long exact sequence theorem applied on the short exact sequences from Lemma 2.1 permit us to consider the next definition. 
Similarly, for the short exact sequence from Lemma 2.1, ii) we have the connecting homomorphism
Since we can identify H * (G, F p G) with Ext *
In order to prove the main result of this section we recall the additive decomposition and the product formula from [10, §4, §5] for H * (G, kG). We use the same notations and recall the results in our setting, when k is a field of characteristic p and G acts by conjugation on G; but notice that the results are true for any commutative ring and for any action by automorphisms of a finite group H on the group G. Let g 1 = 1, g 2 , . . ., g s be a system of representatives of the conjugacy classes of the action of G on G, where s is the number of the conjugacy classes. Denote by
and is a graded k-algebra monomorphism. By [10, Lemma 4.2] there is an isomorphism of graded k-vector spaces, an additive decomposition
with its inverse sending
For the Product Formula we fix i, j ∈ {1, . . ., s} and let D be a set of double coset representatives of
where y ∈ G, x ∈ D and l are like in equation (2.2) and y * :
is the conjugation map in group cohomology.
Lemma 2.3. With the above notations the following equality holds
Proof. It is easy to verify the commutativity of the following diagram of short exact sequences of ZG i -modules
, where the first short exact sequence of trivial ZG i -modules induces the Bockstein map in group cohomology and θ ′ g i is the similar map to θ g i but with the coefficient ring Z/p 2 . Since H * (G i , −) is a cohomolgical δ -functor the following diagram is commutative
where G i is the connecting homomorphism of the down-side short exact sequence (of
is a morphism of δ -functors we also have the commutativity of the following diagram
Gluing the above diagrams we obtain
Theorem 2.4. With the above notations the following statements are true:
ii) The Bockstein of a cup product (with respect to the pairing µ) is given by
Proof.
i) From Lemma 2.1, Definition 2.2 and the long exact sequence theorem we obtain that G • (π ′ G ) * = 0. Next, we consider the commutative diagram of ZGmodules
, where π ′′ G is the similar map to π ′ G but with coefficients in Z/p 2 for the codomain. Since H * (G, −) is a cohomological δ -functor we obtain the commutative diagram
ii) The isomorphism (2.1) for k replaced with F p and Lemma 2.3 give an explicit definition for G , since by (2.1) we will take
as a set of generators for H * (G, F p G) and then
for any i ∈ {1, . . ., s} and any
For shortness, we denote by m the degree deg(res
) in the following equalities. From (2.3), using the same notations and Lemma 2.3, we have
where the fourth equality is true since β W is a graded derivation; some of the other equalities are true since restriction, transfer and conjugation map are homomorphisms of δ -functors.
iii) The field F p is a subfield of k, hence k is an F p -algebra. Then there is an isomorphism of graded k-algebras 
, for any i ∈ {1, . . ., s} and any [ f i ] ∈ H * (G i , k) . The same computations as in the proof of statement ii) assure us that G is a differential and a graded derivation. 
as in [1, p.133] 
, for any i ∈ {1, . . . , s} and any
, only using Siegel-Witherspoon additive decomposition. We proved its properties using Product Formula and properties of Bockstein homomorphisms for group cohomology with coefficients in k.
Hochschild cohomology of block algebras and Bockstein homomorphisms
In this section let k be an algebraically closed field of characteristic p and B = {b|b ∈ Z(kG)} be the finite set of block idempotents of the group algebra kG. Each block idempotent determines a block algebra kGb, which is an indecomposable factor of kG as k-algebra. We have a well-known decomposition 
as graded k-algebras. In particular, for the fixed non-negative integer r we have
as k-vector spaces. Next, fix a block algebra from {kGb|b ∈ B}, which we denote by B = kGb, where b is its fixed block idempotent. Again B is a kG-module by conjugation, since we identify kG ∼ = k∆G, where ∆G ≤ G × G is the diagonal subgroup. We define the following kG-module homomorphisms (G, B) given by
With the notations from Section 2 for each i ∈ {1, . . . , s} we define the homomorphism of graded k-vector spaces
and
Proposition 3.2. With the above notations the map
is an isomorphism of graded k-vectors spaces with its inverse sending an element
Clearly Φ is well-defined and surjective. Since (G, B) we obtain the conclusion.
From Proposition 3.2 we obtain that the set
is a k-generating set for H r (G, B) . This allows us to state the next remark.
Remark 3.3. It is obvious that by Proposition 3.2 an equivalent formulation for G,B is
for any i ∈ {1, . . . , s} and any
for any i ∈ {1, . . ., s} and We end this section with a remark regarding Bockstein homomorphisms for Linckelmann cohomology of block algebras. Let P δ be a defect pointed group in G {b} and (P, e P ) be an associated maximal b-Brauer pair. It is well known that for any Q ≤ P there is a unique block e Q in kC G (Q) such that (Q, e Q ) is a subpair of (P, e P ) and the set of b-Brauer pairs is a G-set. Block cohomology was introduced by Linckelmann in [5] and is denoted by
Moreover as a graded k-algebra, we have the equality 
which is the restriction of β P to H * (G, b, P δ ). Since β P is a differential and a graded derivation we have that β G,b is also a differential and a graded derivation.
A Product Formula for cohomology of defect groups with coefficients in source algebras
Before obtaining the main results of this section let us introduce some notations and collect some properties in the first lemma of this section, without proof, for some subgroups in ∆P. For any subgroup P ≤ G let x ∈ G, (u, v) ∈ P × P. We denote the subgroups
If w ∈ ∆P, by abuse of notation, we sometimes denote w := (w, w).
Lemma 4.1. Let x ∈ G, w ∈ ∆P and (u, v) ∈ P × P. The following statements hold.
ii) Let (a, a x ) ∈ Q x where a ∈ P ∩ x P. Then Q wu,wv,x = w Q u,v,x and Q ua,va
iii) If w ∈ Q u,v,x then w ∈ C P (uxv −1 ).
From now, for the rest of this section, we consider as in the previous section a block algebra B = kGb with defect pointed group P δ . Let i ∈ δ be a source idempotent, then ikGi is a P-interior algebra, called the source algebra of the block b. In particular ikGi is also a kP − kP-bimodule, hence a left
as indecomposable k[P × P]-modules, where Y G,b,P δ is a subset of a system of representatives of double cosets of P in G. We denote this isomorphism by
and its inverse by s −1 . For x ∈ Y G,b,P δ , any element (u, v) ∈ P × P and W ≤ Q u,v,x , by Lemma 4.1, iii) we define the following homomorphisms of kW -modules
Proof. Statement ii) is left for the reader. For statement i) let us take an element α ∈ k. It follows
where the last equality is true by Lemma 4.1, iii).
We emphasize that in this section, in contrast to Sections 2 and 3, we prefer to use the more suggestive notation for cohomology of a group with coefficients in the group algebra or in the source algebra H * (∆P, ikGi), opposed to H * (P, ikGi) where P acts by conjugation on ikGi. With the above notations π u,v,x , θ u,v,x induce maps in cohomology
Moreover we define the maps in cohomology 
as k∆P-modules. For each x ∈ Y G,b,P δ we choose once and for all a system of representatives, which we denote by [Q x ], of double cosets ∆P\P×P/Q x . By Mackey decomposition we get Res
For shortness, we will identify from now (u x ,v x ) k with k. We can do this, since k is the trivial k[∆P ∩ (u x ,v x ) Q x ]-module; moreover we will use the notations
Thus we have the decomposition
as k∆P-modules. In the first main result of this section we obtain an additive decomposition for the graded k-vector space H * (∆P, ikGi).
Theorem 4.4. With the above notations the map
is an isomorphism of graded k-vector spaces with is inverse sending an element
Proof. We have the isomorphisms of k∆P-modules
where the first isomorphism is s and the second isomorphism is given by
for any u, v ∈ P and x ∈ Y G,b,P δ . We obtain an isomorphism in cohomology
Now for each x ∈ Y G,b,P δ as we have seen in (4.5) that Mackey decomposition tells us
Explicitly this isomorphism is obtained from the decomposition of P × P in double cosets, that is for any (u, v −1 ) ∈ P × P there is a unique representative
for some u ′ ∈ ∆P and (a, a x ) ∈ Q x . The isomorphism is given by
This induces an isomorphism in cohomology
Composing it with the isomorphism of [10, Lemma 4.1] one obtains the required isomorphism. Recall that in our case the isomorphism from [10, Lemma 4.1] is obtained by composing res ∆P
with the map in cohomology induced by
which, with our notations (for u ′ ∈ P), is given by Moreover we obtain
In the set [Q 1 ] there is a representative of the double coset ∆P, for example we take
. It follows that Q 1,1 = ∆P and the map
is actually the homomorphism i ikGi P constructed and studied for any interior P-algebra by Linckelmann in [8, Sections 2, 3] and applied for the source algebra in [8, Section 5] .
Next we will give a way to describe the cup product in H * (∆P, ikGi) in terms of direct sums decomposition described in Theorem 4.4. We accomplish this as follows. 
for some r ∈ ∆P and (a, a z ) ∈ Q z . The set of all r ∈ ∆P which satisfies (4. 
where D is a set of representatives of double cosets Q u x ,v x \∆P/Q u y ,v y , the elements z ∈ Z, (u z , v z ) = (u z (w), v z (w)) and r = r(w), r ∈ ∆P are chosen to satisfy equations (4.6) , (4.7) and
To prove the theorem, we first deduce some lemmas where we collect more properties for the maps θ * u,v,x and π * u,v,x . 
